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Abstract. In this paper we use optimal control techniques, SEIR model of Covid 19 in case 
Indonesia, in order to establish vaccination, personal protective measures and treatment 
plans to control the spread of an infectious disease. We validate them by the use of the 
Maximum Principle. The findings revealed that the best practice of combining all three 
intervention measures considerably reduces the proportion of people who are exposed and 
symptomatic, as well as those who are asymptomatic. 

1.  Inroduction 

Within a population, contagious infectious diseases can be a significant societal issue. It can result in 

tragic deaths, a loss of quality of life, and a reduction in a population's active life, all of which have 

economic and societal ramifications. In order to prevent the spread of infectious diseases, vaccination 

and treatment strategies must be devised. These policies must consider the social and economic 

consequences of existing sick people, as well as the costs of vaccination and treatment, which include 

both the manufacturing and administration of vaccines and medicines. SEIR models are often used to 

estimate the spread of infectious illness within a population (e.g., Wintachai and Prathom (2021) [1], 

Annas et al. (2020) [2], Wei and Xue (2020) [3], and Das  (2021) [4]. These are compartmental 

models, in which the population is separated into groups based on the stage of the infectious disease in 

their bodies. In recent years, SEIR models combined with optimal control techniques have proven to 

be an effective tool in controlling the spread of infectious diseases (Pinho and Nogueira (2017) [5], 

Fatima et al. (2021) [6], Deressa and Duressa (2021) [7]). 

In this study, we also integrate SEIR models to optimal control techniques to develop vaccination 

and treatment programs to minimize an infectious disease from spreading. It's worth noting that, 

despite the fact that we're working with a fictitious population and a COVID-19 infectious disease, the 

results may be utilized to prevent the spread of a real infectious disease among actual people. The 

same normalized SEIR model is used as de Pinho and Nogueira (2017) [8]. Normalization offers the 

advantage of covering populations of various sizes in a single problem and reducing model complexity 

by permitting the deletion of one differential equation and one parameter (death rate). Instead of a 

single controller, as in de Pinho and Nogueira, we consider two controllers (2017) [5]. We also add a 
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new compartment to the model that is relevant to infected persons who are being treated. A cost 

function based on 𝑳𝟐-type objectives are developed and utilized to three scenarios. The Maximum 

Principle is used to the considered situation as we answer our optimal control problem analytically.  

The following is a breakdown of how this paper is organized. We provide an optimal control 

problem for SEIR models with 𝑳𝟐 cost in Section 2. The Maximum Principle is applied to the optimal 

issue in Section 3 are presented. The maximum principle is used to partially validate the generated 

solutions. The latter section of this paper contains the conclusions). 

2.  SEIR Model of COVID 19 Disease 

The well-known SEIR compartmental model is taken into consideration to characterize the 
transmission of the disease in a given population. In general, 𝑁 (𝑡) represents the total population at 
time 𝑡. 𝑁 (𝑡) is then separated into four compartments: 𝑆, 𝐸, 𝐼, and 𝑅. 𝑆(𝑡) represents the population 
susceptible to the disease, 𝐸(𝑡) represents the number of people who have been exposed to the disease 
but are not yet infectious, and 𝐼(𝑡) represents the number of people who have been infected with the 
disease and may infect those who are susceptible through direct transmission, and 𝑅(𝑡) signifies those 
who are disease-free. Annas et al. in 2020 [2] have been constructed the SEIR model by considering 
vaccination and isolation factors as model parameters. The model was written as the following 
controlled dynamical system: 

𝑆̇ = 𝜇𝑁 − (𝛼𝐼 + 𝜇 + 𝑣)𝑆, (1) 

𝐸̇ = 𝛼𝐼𝑆 − (𝛽 + 𝜇)𝐸, (2) 

𝐼̇ = 𝛽𝐸 − (𝜎 + 𝛿 + 𝜇)𝐼, (3) 

𝑅̇ = 𝛿𝐼 + 𝜌𝑆 − 𝜇𝑅, (4) 

Here, nonnegative initial conditions 𝑆0, 𝐸0, 𝐼0, 𝑅0,𝑀0, and 𝑁0 are used. 𝑁 (𝑡)  =  𝑆(𝑡)  +
 𝐸(𝑡)  +  𝐼(𝑡)  +  𝑀 (𝑡)  +  𝑅 (𝑡).  

The model in Eqs. (1)-(4) has been analysed, Annas et al. [2] found the equilibrium points in case free 
disease and endemic are 𝐸0 = (𝑆, 𝐸, 𝐼, 𝑅) = (

𝜇

(𝜇+𝑣)
, 0,0,

𝑣

(𝜇+𝑣)
) and 𝐸0 = (𝑆

∗, 𝐸∗, 𝐼∗, 𝑅∗) =

(

  
 

(𝜇𝑖+𝛿+𝜇)(𝛽+𝜇)

𝛼𝛽
,
𝛼𝛽𝜇−(𝜇𝑖+𝛿+𝜇)(𝜇+𝑣)

𝛼𝛽
,

𝛼𝛽𝜇−(𝜇𝑖+𝛿+𝜇)(𝜇+𝑣)(𝛽+𝜇)

𝛼(𝜇𝑖+𝛿+𝜇)(𝛽+𝜇)
,

𝛿𝛼𝛽2𝜇−𝛽(𝜇𝑖+𝛿+𝜇)(𝜇+𝑣)(𝛽+𝜇)−𝑣((𝜇𝑖+𝛿+𝜇)(𝛽+𝜇))
2

𝛽𝛼2(𝜇𝑖+𝛿+𝜇)(𝛽+𝜇) )

  
 

. From the result, Indonesia is endemic COVID-19 if 

no vaccine, thus the simulation results showed that the vaccine can accelerate COVID-19 healing and 

maximum isolation can slow the spread of COVID-19A. 

3.  Optimal Control 

Annas et al. [2] stated that the basic reproduction number 𝑅0 for the endemic case of Covid-19 with 
only 1% vaccination is 𝑅0 = 3.2094  . This means that, if a person is infected with Covid-19 it will 
infect 3 other people. Whereas the 𝑅0 value for simulations explained that 50% vaccine would reduce 
transmission of COVID-19 and 100% did not cause spreading of Covid-19 in Indonesia. From Annas  
et al. ‘s report, we believe that a vaccination exists to protect those who are susceptible to the disease 
from becoming infected. We also know that immunizations aren't 100% effective. This indicates that if 
we vaccine 𝑢1(𝑡)𝑆(𝑡) and a personal protective measure such as facemasks, regular hand washing, 
and social distancing people 𝑢2(𝑡)𝑆(𝑡) at time 𝑡, only 𝑢1(𝑡)𝑆(𝑡) people will become immune, or, to 
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put it another way, (𝑢1(𝑡) + 𝑢2(𝑡))𝑆(𝑡) people and also 𝑢2(𝑡)𝑆(𝑡) will shift to compartment 𝑅. Here 
𝑢1(𝑡) represents the vaccination rate at 𝑡. Optimal control issues incorporating SEIR models are 
considered to develop vaccination techniques to control the spread of illnesses into a certain 
population in a set time period (Neilan and Lenhart (2010) [10] and Biswas et al. (2014)[11]). Here, 
we assume that by vaccination the susceptible and providing medical care to those who are infected, 
we can prevent the spread of a horizontally transmitted disease. We expect that an infectious person 
who is receiving treatment will not infect others. Treatment, however, takes time, as we all know. 

Control strategies are crucial in preventing the spread of COVID-19. In this study, three 
intervention options to prevent the pandemic's transmission that are time dependent control variables, 
notably: 𝑢1 denotes a COVID-19 control technique involving vaccine and 𝑢2 is a control method that 
involves the use of personal protective measures such as facemasks, regular hand washing, and social 
distancing, all of which are regarded effective in the Indonesian environment, and 𝑢3 refers to 
COVID-19 patients who are being treated to lessen the severity of their sickness. The state equation is 
obtained by adding these control variables into (1). 

𝑆̇ = 𝜇𝑁 − (𝛼𝐼 + 𝜇 + 𝑣)𝑆 + (𝑢1(𝑡) + 𝑢2(𝑡))𝑆(𝑡),   

𝐸̇ = 𝛼𝐼𝑆 − (𝛽 + 𝜇)𝐸,  

𝐼̇ = 𝛽𝐸 − (𝜎 + 𝛿 + 𝜇 + 𝑢3)𝐼,  

𝑅̇ = (𝛿 + 𝑢3)𝐼 + (𝜌(𝑢1(𝑡) + 𝑢2(𝑡))𝑆 − 𝜇𝑅,  (5) 

The goal now is to establish an optimal control for the preventive strategies/ measures 𝑢2, 𝑢2 and 𝑢3 
for the comparatively lowered coastline of the preventative techniques. The following control 
constraints are used throughout the paper:  

0 ≤ 𝑢𝑖(𝑡) ≤ 1, 𝑖 = 1,2,3, 𝑎. 𝑒. 𝑡 ∈ [0, 𝑇],  
where the parameter 𝑇 is the time horizon. 
  For optimal control to occur, the pontryagin's maximal principle [12] establishes the 
necessary and sufficient conditions The function that minimizes the number of susceptible case 𝑆, 
Exposed cases 𝐸, number of symptomatically infected cases 𝐼, number of asymptomatically infected 
cases A over a time interval of [0, T] can be defined as 

𝐽𝑜𝑝(𝑢𝑖, Ω) = ∫ (𝑐0𝐸 + 𝑐1𝐼(𝑠) +∑
𝑏𝑖
2
𝑢𝑖
2

3

𝑖=1

)𝑑𝑡
𝑇

0

, 
 
(6) 

where Ω denotes biological feasible region defined in ref. [2], 𝑐0 are positive weight to balance the 
factors and 𝑏1, 𝑏2, 𝑏3 measures the relative cost of intervention strategies over the time range of [0, 𝑇]. 
Minimizing equation (6) provides an optimal control 𝑢𝑖∗, 𝑖 = 1,2,3 such that 

𝐽𝑜𝑝(𝑢1
∗ , 𝑢2

∗ , 𝑢3
∗) = min

𝑢∈𝑈
𝐽𝑜𝑝(𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡)), 

 
(7) 

where the control set is given by 𝑈 = {𝑢𝑖: 0 ≤ 𝑢𝑖(𝑡) ≤ 1,0 ≤ 𝑢𝑖(𝑡) ≤ 1, 𝑡 ∈ [0, 𝑇]} subjected to the 
constraint given by system of differential equation (5). The necessary conditions that need to be 
satisfied by optimal control called Pontryagin’s Maximum Principle converts equation (6) and (5) into 
a problem of minimizing point-wise a Hamiltonian Hs with respect to 𝑢𝑖(𝑡), where Hs is defined as, 
𝐻𝑠(𝑦, 𝑢𝑖(𝑡), 𝑢𝑖(𝑡), 𝑢𝑖(𝑡), 𝜆𝑆, 𝜆𝐸 , 𝜆𝐼 , 𝜆𝑅 , 𝑡)

= 𝑐0E(𝑡) + 𝑐1I(𝑡) + (
𝑏1
2
∗ 𝑢1

2 +
𝑏2
2
∗ 𝑢2

2 +
𝑏3
2
∗ 𝑢3

2) (𝑡) + λ𝑆ℎ𝑆 + λ𝐸ℎ𝐸

+ λ𝐼ℎ𝐼 + λ𝑅ℎ𝑅, 

 
 

(8) 

where 
ℎ1 = 𝜇(S(t) + E(t) + I(t) + R(t)) − (𝛼I(t) + 𝜇 + 𝜈)S(t) − (𝑢1 + 𝑢2)S(t), 
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ℎ2 = 𝛼I(t)S(t) − (𝛽 + 𝜇)E(t), 
ℎ3 = 𝛽I(t) − (𝜎 + 𝛿 + 𝜇)I(t) − 𝑢3I(t), 

ℎ4 = (𝛿 + 𝑢3)I(t) + (𝑣 + 𝑢1 + 𝑢2)S(t) − 𝜇R(t), 
Differentiating the Hamiltonian function with respect to the compartment variables gives the adjoint 
variables 𝜆𝑗, 𝑗 ∈ {𝑆𝐸𝐼𝑅} corresponding to the system given as follows: 

𝜆̇𝑆 = (𝛼I(t) + 𝜈 + 𝑢1 + 𝑢2)λ𝑆 − I(t)λ𝐸𝛼 − (R(t)𝑣 + 𝑢1 + 𝑢2)λ𝑅 , (9) 
𝜆̇𝐸 = −𝜇λ𝑆 + (𝛽 + 𝜇)λ𝐸 − 𝑐0, (10) 

𝜆̇𝐼 = (S(t)𝛼 − 𝜇)λ𝑆 − 𝛼S(t)λ𝐸 + (𝛿 − 𝛽 + 𝜇 + 𝜎 + 𝑢3)λ𝐼 − (𝑢3 + 𝛿)λ𝑅 − 𝑐1, (11) 
𝜆̇𝑅 = 𝜇(−λ𝑆 + λ𝑅), (12) 

and λ𝑆, λ𝐸 , λ𝐼 , λ𝑅 are the adjoint variables, 𝜆𝑖 = (λ𝑆, λ𝐸 , λ𝐼 , λ𝑅), 𝑦 ∈ {𝑆, 𝐸, 𝐼, 𝑅}. Now, setting the 
transversality condition 

λ𝑖(𝑇) = 0, 𝑗 ∈ {λ𝑆, λ𝐸 , λ𝐼 , λ𝑅}. (13) 
We obtain the optimal controls and the optimality conditions respectively as 

𝑢1 =
S(t)λ𝑆 − S(t)λ𝑅

𝑏1
, 

 

𝑢2 =
S(t)λ𝑆 − S(t)λ𝑅

𝑏2
, 

 

𝑢3 =
I(t)λ𝐼 − I(t)λ𝑅

𝑏3
, 

(14) 

with the stationer condition  

𝑢1
∗(𝑡) = min [max [

S(t)λ𝑆 − S(t)λ𝑅
𝑏1

] , 1], 
 

𝑢2
∗(𝑡) = min [max [

S(t)λ𝑆 − S(t)λ𝑅
𝑏2

] , 1], 
 

𝑢3
∗(𝑡) = min [max [

I(t)λ𝐼 − I(t)λ𝑅
𝑏3

] , 1], 
(15) 

Note that, state equation (6), the adjoint equation (8) together with the characterization of the optimal 

control (15) and the transversality condition (13) are said to be Optimality system. From (15), 𝜆𝑆 <
1 + 𝜆𝑅 and 𝜆𝐼 < 1 + 𝜆𝑅 for 𝑏1, 𝑏2, 𝑏3 > 0.  

4.  Conclusions 

In the present work, we have discussed optimal control of SEIR model of Covid 19 disease which was 
constructed by Annas et al. [12]. An optimal analysis of the model for the purpose of assessing the 
effect of vaccination, effect of personal protective measures and effect of treating hospitalized or 
isolated cases in mitigating transmission of COVID-19 was conducted. The findings revealed that the 
best practice of combining all three intervention measures considerably reduces the proportion of 
people who are infected and symptomatic, as well as those who are asymptomatic. 
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